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Abstraect

Using the baslic principles of operation of the ter-
restrial hydromsgnetilc dynamo, 1t 1s shown ths the sclar convece
tive zone will generate traveling dynamo waves consisting of
toroidal gnd poloidal magnetic fields. The waves migrate from
the poles toward the equator near the top cf phe conwective zone
and in the opposite direecticn near tﬁe bottom. The thinness
of the convectlive zone is responsible for a migratory dynemo
in the sun/pather than a stationary dynamo a&s jn the Earth. An
investigation of the dynamics of hydrcomagnetlic dynamos indicates
that the poloidal field will be strongest above middle latitudes
and the toroldal {1sld below, in agreement with the observed
noruniform rotation and the appearance of sunspots in low

latitudes,



l. Introduction

The migration tcwarZ itne equator and the reversal of
polarity of sunspots each eleven year half-cycle are probably
the most congpicuous aspects of the overall solar magnetic acti-
vity. The emission of excessive radio nolse and charged particles,
nrominence ahd flare activity, and coronal streamers, as well a=s
airect observation of the magnetic field over the disk cof the sva,
(Babcock, 1953) indicate that the solar magnetic field is complex -
certainly not just a dipole - and has a nearly periodic time
dependence.,

- The Earth's field,which 1s predominantly a dipole, with

its moderate Fluctuations in space and time, is satisfactorily
accounted for by a statlonary hydrcmagnetic dynamo model based on
the convective motions in *he conducting fluid core and the
Coriolis forces resulting from the Eagrth's diurnasl rotation
(Elsasser, 1946/73; Parker, 1954). The two recessary dynamo con-
ditions, viz. rotation of, anrnd convection within, a largg elec#
tricelly conducting filuid body, are satisfied by the sun. This
suggesis that the s0isr magnsetic fileld is the result of a hydro-
magnetic dynamoy it will be our purposc here to construct a
crude, approprliate model.

We have at our disposal a convective layer near the surface
of the sun with a thickness of the order of 10° km. The convection
results in the first place in nonuniform rotation with the outer

parts of the convective layer lagging behind the inner. These

fluid motions aliso seem to produce a ponloldal magnetic field



which ha: only a small dipole component, Which is of opposite
sign in the northern and southern hemispheres, which undergoes
continual migration toward the ejuator from both poles, and which
reverses sign at any given point on the sun every eleven years.
This suggests "waves" of magnetic flux originating near the poles
and being propagated regeneratively toward the equator where they

are d4issipateds the period of the waves would be 22 years.,



2. OQualitative Discussion

Before developing an elsborate gnalysis of a dynamo model
satisfying these requirements, let us develop the model in a
quelita.ive way in order %o understand physically the hydromagnetic
processes we might expect to occur. (The calculations of the next
Section will be of interest to the éerson interested especially
in dynamos.) Figure 1 shows a slab of f}uid representing a
piece of the convective shell of the sun. At time to we take
the section o bhe a rectangular parallelepiped, neglecting the
curvature, as indicated by the broken lihes. At some later time
the nonuniform rotation will have sheared the section into the
form shown by the sclid lines, and a loop of flux Init.ally In
a meridionai plane will be carried by the fluid into the nearly
horizontal'pcéition represented by the unbrokee elliptical band.
This is just the familiar process of the nonuniform rotation
generating a toroidal field from the poloidal field. The net
pclcidal field is unchanged by the process.

Consider next a meridional section thrcugh the convective
zone illustrated in figure 2(a). Two initial magnetic loops in
the meridional plane are reprecgented by the heeey closed lines,

We regard the meridional section illustrated in figure 2 as the
Jeft hand end of the slab in figure 1, so that the nonuniform
rctation displaces thu top side of the meridional section in
figure 2 out of the paper relative to the bottom. The toroidal
Tield will be out of the paper near the center and into the paper
at the right and loft hand ends, as indicated by the plus and minus

signs respsctively. The convective motions interacting with the




toroidal fields will prcduce magnetic loops with nonvanishing
projections on the meridional planes {Parker, 1954)., The sense

of these loops depends upon the senss of the toroidal field., Let
us assure that when the toroidal f ield is directed out of:the paper
the individual loops are in a counterc lockwise directlony when

the toroidal field 1s into the pgper, the loops will be in a clock-
wise direction., Many such loopeg will be produced, and 1t can be
shown that they will coalesce Intc large loops, which are indi-
cated by the light linses in figure 2(a). If now we add the newiy
formed large loops to the initial loops, we see from the sense of
rotation that the initial loops will be reinforced in the vicinity
of B and D and degenerated at A and C. Figure 2(b) shows the
result of this superpositlion, resulting in the initial loops being
displaced to the right. Thus, we have a dynamo which not only may
have regenerative feedback between the poloidal and toroidal fields,
but which also produces a migration of the field. The direction

of the migration depends, of course, on the sense of the loops

and of the toroidal field.



3. The Migratory Dynamo Equations

Consider the space determlined by the rectangular coordin-

ates (%X, y, 2 ) and filled with a fluld with magnetlc viscosilty

A
We shall aséume that the fluid has several motions: There is a
motion € v(x,2) , where €., €, , and €, are unit vectors in the
X, ¥ and 2z directions respectively. Bvcx,zx/éz will represent .
‘the shearing of the nonuniform rotation found in stecllar convec;
tilve zones, Besides v (x,2) we Will assume that the {fliuid is
convecting in cclumns parallel to the = -axis. The columns are
rotating about thsir axes as they would iIn an actual star because
of Coriolis forces. To compare this idealized rectangular model
with the actual physical situation in a Etar,'we will regard some
cell, say OL =< ¢, O0< 2 £, as a plece of the convective
shell in which the curvature has been neglectedy we will think
of the positive Xx-axls as pointing to the south, the y-axis to

the east, and the 2z-axis upward.

We shall represent the teroildal fielid bty B, where
B=5Brt , £=ex-+g2 (1)

The p il-oi.gfﬁ. g4 fleld is more easily represented by the vector

potential
P =5 Alk,t) (2)
than by the magnetic field itself, which has both 2z and x com-

ponents, We shall tczke

2B - RA - o (3)
2y oy

|
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The Interacting with the toroidal field B of a rotating
convectlve column moving in the z direction generates a.magnetlc
loop with a nonvanishing projection on the xz-plane. The detgils
of the loop generation may be found in an earlier paper (19%54).
Briefly, what occurs is that a rotating or cyclonic convective
celumn rises up through the toroidal field poking the fleld ahsad
of it to make a bump. The rotation of the convective column ibhen
twists the bump through o0° ziving magnetlc loops in the meridional
plane. The loops coalesce to form the poloidal fieid. Since we
repressnt the pololdal field by its vector potential, each loop
will appear as a hump 1n the function /q(z; t)/, If we assume
that the rate of generation of /4([3f) at any glven polnt is
proportional to the toroidal field from which i1t is genersated, we
obtain

2A L LVA =T B (4)
>t

where !H(I) i1s some function characteristic of the convective
mctions,

The toroidal field 1s generated through the interaction of
v(x,2z) with the poloidal field. Hence

25-»VE = Vx[xx(VX.&)] (5)

But since w and A have x and 2z components only

Anpms

‘7’:L!"S7X!ﬁj] ==‘%,(3Z'§fl - 2v 2A)_ @;QV?>XG7%V (6)

dZ2 Ddx Bdx A2

Hence

-.J.
~

B LV'E - &v)x(vA) (¢
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(4) and (7) represent the complete dynamo equations?) To
effect their solution we define alt) b(kt) h (k) and >~ (Kas the
Fourier transforms of A(!:,t), BQCD)VV (x) and T (§) respectively,
8o that +a0

A(jg,{:) = /c]kjdk e.xp\«.k i) a (&, ¢t)

P
/x/clz ezp( ~'sr) Alx,t) ,},

'-.
—

etc, Where

!’: = €x L‘l + £, k, (9)
Wa note that . ‘.
lej/-éxfglz expl t kexr) M) B(x) =[:‘k./:lh (&) b (k-k)

and

o 4a0

4o o
4_’- [ x[éz ~€?XF><—i...<_,-£)(V»)x (VA): di)/[dk) b (k-k) xck'a @)
x2 Lo

Operating on (4) and (7) with

Z;l?x[., *[&‘“ =xpC ko)

we obtain the two equations

‘o

5?a___a(gs,t) +okra(E b = /ch:. '/clk._' > (&) bs-k,t) (10)
C - o

bLt) yortb (L) = /c!k /AL b (k- k)xa 2 t) (11)

*) The integral equation (13) was first derived by the author
from g direct consideration of tiie toroidal and poloidal flelds

ard their interaction with the fluld veloclity. After reviewing
this rather lengthy derivation, Professor W. M., Elsasser pointed
out that the interaction could be condensed to the two differential
equations {(4) gnd (7), thereby greatly simplifying the development.




The general solution of (10) is

4% ‘e t
> & t) ;./‘Jk',/dk‘l 7(&1)/@{“'4’“ (t-0) -k, t)  (12)

Putting (12) into {11) we obtain finally

59{ bk t) tvkb(k,t) =
o)

(133

- ¢
fdl‘"f‘“:z b (&—k')*fkf‘k'"j(ik/’ () [ St exok (E £)]b -, t)



4, Traveling Dynamo Waves

Let us corisider the solutlion of thes dynamo equation, (1.._3).
To establish that traveling dynamo waves exist, consider the case

where the convective motions and shearing of the nonuniform rotation

are independent of pésition. Then

VW =eH  V(r)= T (14)
where H and [ are constants. Then

hk)=e.H s, 7W=T 8 (15)
where & (k) 1s a Dirac delta functions (13) reduces to

t %
2@ =-vktb(t) + T "'[Jt/ex:o@h‘(t'-tﬂb&,t’) (16)

It is readily shown that the solution of (16) may be

written
b e | I&IHPIYE e e JHT )
b(,‘s,t, F:Q_g)e p{K‘_L__a ) yk]t itH t}

(17)
+ k = Mk, JIHT] G : l k'IHF,)Vl?
1) exp KT)*”““F‘( 2 /Y

The + has the same sign as k, if HT >o and the opposite sign
if HI'<« © . (17) represents a plane wave nropagating with
velocity [H r /(Zk.):' s in the k diresction. The second term
represents degeneration cf the existing field and vanishes Tor

large values of 'lf. . Thuw for large values of 2 » (17) reduces %o

r, '\
2 0) = (k) exp{ [(IHDD ot w o (=HTD) (18
&, t) =r (k) XP{I\\—‘?—I) -uk]t + (\ = ) } )

This represents a plane wave traveling in the negative g..direction




if HT >O and in the positive k direction if HIT < © ., The

—~

gmplitude of the mode with wave number & 1s constant if

I i

the amplitude grows exporential with time if [HI| is greater
than 20*k*/k, and decays if 1t is less.

From (13) we see in general that the modes k and Ak are
coupled through the guantities b(_&—k_’)?”(!a’ -k’). Thus the
modes will not be independent except in the special case of (14).
Coupling between modes incresses the difflculty of solving (13)
and the general case is discussed only briefly in the appendix,

where two speclial cases are worked out.
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5. The Kinematics of the Solar Dynamo

Consider the cyclonic motion of a rising convective
column in the northern hemisphere of the solar convective 2zZone.
The Coriolis forces resulting from the influx of matter at the
bottom end of the column give rise to a counterc lockwise rotation
about a vertical axis as viewed from outside the convective zone.
Tnless dissipated by viscosity the rotaticn of the fluid will
continue until it 1s brought to a halt by the Coriolis forces of
opposite sense due to the efflux at the top of the column. This
was the situation gassumed in the core of the Earth, illustrgted
in figure 3(a). The convective motions in the sun, however, are
much more ragpid than in the ccre of the Earth, 1 m/sec as compared
to 0.1 mm/sec, and of much 1arger scale, with the result that the
solar Reynolds numbers are large. Thus,_the motions in the sclar
convective zone constitute well developed turbulence in contrast
to the irregular convective, though not fully turbulent, fluid
motions in the core of the Earth. The cyclonic motions in the sun
have to contend with eddy viscosity besides the relatively neg-
ligible molecular viscosity. Now an eddy iIn a fully developed
field of turbulence has a lifetime of the order of its dlameter
divided by its velocity, l.e. an eddy lasts about 1/m of one
"revolution". Thus, we expect the cyclone resulting from the in-
flux at the base of a rising convective column in the sun to be
dissipated sometime before it has made one complete revolution.
The efflux at the upper end ¢f the column will then give rilse %o

a new rotational motion, this time an anticyclone. This means



that in the northern hemisphere of the solar convective Zone we
expect a counterc lockwise rotation to be assoclated with an influx
of matter to a convective cclumn gnd a clockwise rotation with an
efflux, as viewed from outside the sun. Vice versa in the southern
hemisphere. The rotatiovn of the fiuid in a rising convective
column in the northern hemisphere is illustrated in figure 3(b)

To state this matter a little differentliy, we note that
an influx is assocliated with the lower half of rising columns,
and an efflux with ths upper half. Hance, In the outer half of
the solar convectlve zone, rising and sinking columns are sssoc-
lated with clockwise and counterclo ckwlse rotations respectively,
and vice versa in the inner half. Figure 4 illustrates the loops
that will be produced in the inner and outer haives of the con-
vectlve zone assuming a toroidal field running from west to east.
We note that in the outer half, the loops due to both sinking and
rising columns are in a counte rclockwise direction and in the
inner haglf clockwise, as viewed from the east,

Consider the hydromagnetlc dynamo that will result from
the convective motions outlined above, As mentloned earlier the
turbulence within the convective zone glives a iarge magnetic
Yiscosity or diffusivity compared to the mggnetic viscosity of the
quiescent mattsr above and below tﬁe zone., Thus, the field 1is
confined to the convective zone, resulting in traveling dynamo
waves rather than = stationary.field suchh a8 one finds in the
Egrth where the fleld diffuses out of the core. From qualltative

considerations such as illustrated in figure 2 or from the
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anglysis in sections 3 and 4? we find that the waves will tragvel
toward the equagor in the outer hglf and toward the poles in the
‘Inner half of the solar convective zone. The velocity of propa-
gation must be of the order of 2 w/sec ir ordsr to give the ob-
served 22-year magnetic period.

A wave 1In the inner half will decay upon reaching the po;e
due to the lack of nonuniform rotabiown. IL will introduce only a
smell perturbation into the outer half, wnich will be amplifie§
as 1t propagates back to the equator. As the wave nears the equa-
ter 1t will decay because of the decrease of the creclonic and
anticyclonic motions agssociated with the radial convective motions.
The wave again serves only to intrcduce a small perturbation down
Into the lower hglf of the zone, which is then agmplified as it
propagates toward the pole.

Initiating the wave at the polar end of the outer half
or the equatcrial snd of the inner half of the convective zZone 1is
obviously an inefficient process. Hence, considerable amplifi-

cation 1s required en route. Thus we conclude from (18) that

k.H.r“I A @
— > Lk
> > (20)

Neglecting » k® in (18) the amplification is ez$>[t)k.H{T/2.rz])
; y

end the velocity of propagation is 'qu//(Zlm)} . Thus, if

) t is the time required to propagste the wavelength 2x /k, , Wwe

have
Y2

L) - 1)

# In figure 3, for instance, 1(Fr)>0,7>0 B>C HL O 1in
the upper half of the convective zone. Thus HI < Q and the wave
propsgates in the positive = or southerly direction.
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or

== (21)

The gmplification is exf(éw) « The sunspots and other =olar mag-
netic activity indicate that the lO6 km distance from the polar to

the equatorial regions 1is about one wavelength, ZvyL. o dHuS,

-
O

the amplification is of the order of exp(@x)or 500 ir sach half
of the convective zone. Assvming that this amplification is
sufficient to maka up for the losses, we see that the initigl
fields, however small, vill be bullt up after a number of cycles
to where they limit the motions resulting from the Coriolis forces
and reduce |k, HT/2] wvelative to »*k? . When this point is
reached, the dynamo henceforth operates in a dynamically stable
state.

If more were known concerning the dynamical state of the
convective zone, it would be fruitfﬁl to use turbulence theory to
relate HIT and vk™ to the convective velocities, etc. Suffice

it to say that if the depth of the convective zZone is lO5 ¥m,

convective velocities of the order of 1 m/sec seem to be ample.
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6. The Dynamics of Hydromagnetic Dynamos.

Let us investigate in a secmi-quantitative manner the
dynamics of hydromagnestic dynamos, btoth stetlionary and migratorye.
Conslder a fluid body of magnetic viscosity v and angular velocity
we Let the fluid be convecting radially with a mean velocity v.
We denotes the mean toroidal field by B and the mean poloidal
field by B,. Let the scale of the fields be L . Finally, let 8
be the angular distance fro. the north pole.

The force per unit volume exerted on the fluid by a mag-
netic field B is (V7 x §)x§//~. « Thus, the force exerted by
the torcidal fleld against the nonuniform rotation drawing out the
toroidal field from the poloidal field 1s the ¢ cocmponent ol
2 ﬁ)x§//u and will be represented by BQB,/ (wl) . The
force exerted by the magnetic fileld oprosing the formatiocn of
a loop from the toroidal field will be represented by the same
expression, BtS,,/éu- L)., The Corioclis force available to draw
cut the toroidal field is Eyccd»ru sin 8 and to kink the toroidal
field to form loops 2~ w v S cos B, where a and § arc dimension-
less constants. We see that to draw out the toroidal field we

must have
B &,

2 , ain G
,_/cwvusn 7 P

to produce loops

R B
2/3«-*4\//6 cos8@ _/TL-:

Were it not for the magretic field inhibiting the Coriolia
motions, the velocity appearing in the generating term V x (zx_f;)

would be proportional to the Coriclis forces and we would write



Iy L 2

c : ; b _
t(%puvasahQ)B, Bncd T (Z/,aw\z/jcose)&
for the rate of generaticn of the toroidal and poloidal filelds

respectivelys b and ¢ are constants. However, the inhibition of

the Coriolis motions by the magnetic field 1s not negligible,
and we shall therefore consider as effective only that fraction

of the Coriolis fecrces which is in excess of the inhibiting mag-

netic forces., The generating terms of the toroidal and poloidal

fields become

B - B
_CEBF‘ [ZA’wvusin@‘E—L—’ and .E_B‘_I};;ow\f/ﬁccse /P\g%

k3 2
The dissilpation » V. '§ may be writtin as uBt/L and
VB;./L; for the torcidaland poloidal fields, respectively.

The time-dependent eguations for B, and B,

are
2B __ o < ' BB
bt -E Bt = L B,, [aauvbls‘he L
(22)
BB
bB,. - B . wvBecos & — b Tk
>t 1‘: B, + L-B‘{Z’a fSeos e L

Consider first the equilibrium values of B, and B, ,

which we shall denote by | and T respectively. Setting the

left-hand sides of (22) equal %0 zero and letting

v= Il W= TTT TT=we, T =5

{23)
r | x et ’s
""‘—‘-é— za.cosew‘ ézi;flgi[/\’é.(osg—a,si,\g) v 4 Sa
a s L—";-\ (24)
v _—.ﬁa.uﬁg— &3m0 F [(\3-6059 -~ a,sin@) + ‘4%;?
where
a,=%,¢¢.u\¢/3 Lo, a.‘.—.Z/owvof.L./w (25)

Let us assume large magnetic Reynolds numbers so that
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2 4 o
a’, a, > > —fc——

Then except ir the neighborhcod of the specigl value of 8 for

which a,cos & = a,snf we have

('a cos® —a;ah«@}x > > s 2

be
Expending (24) in powers of 4/0; v /r oc (a“o-ss -3, st)j we

obtain
~

4,9 -
et S sl sl +0O SCQ')&)

be (2,2in0 - 2 ¢ osO) B¢t (2150 - a,c0s0)"

w = |CO<L9-

{26)

= A - A + o"(?" a.
? c(>:sin® -2a,cos6) bc‘(aasirxe—amose)) 58=) J

for a, s3nO > a,cesd and

4 4 -5
v = a;S\'HQ - it + e & 3 +0 (aha‘)
bc (a:CDSG - Q, sv’n@) b‘c‘(a,< o530 —a. E.!-".e)
(27)

3 3 &)
b= < (SicoaBa. 2inB) 4 <k Lt e
. ¢(31ces8~3a,sin0)  be*(3.icosE -a,sinl -

for =,ces® > a, sin 9, The corresponding values for T end

T may be compudted:

2.51n8 P .o B

- AQ, S 9 \ 25 S
T! = —&- a, CC\§9 (axS'V\g a. rOSS) + /“‘) (‘.q.\.(QSg L8 /+o (au) at.)
oy 2,5in8 — &,c088

s, cosb e’ 2,5in 0 ~
- - =
2] ¢ (313in®—~ 3,co88) ke ? (a. 5iA8 -3 ,cos 9)’ (a" o)
(28)

*

T () (ms - )+ 00
#
J

2.c088 > d,5(n 0



T2 2y nin 8
(2. ws3=-3; 4inb)

— s, cas ©
1=} (a,c059 —a.5in 9)3

s O- "(a’a a‘)

r[l::.JL 8.5 0 (3,c0u8 ~5 4in Q) <L (2 2,210 —3,¢c036 o
/“V \ 4 (<2 Q|COSQ—~ a. s'\nQ +O (Ql)a;) (29)
Tl ( a
— — MM) ! -,
ik \ & + Q !/, [,
| . (a.ccse - a. sinG)' ¥ S )

To demonstrate the stability of these equillibrium states,
consider a small perturbation of the system from equilibrium. We
lst the toroidal field be represented by | +=< and the poloidal
field by TT+x . T and TT‘satisfy the equilibrium equatinns, and
T and ® are assumed to be small, Substituting into the time

dependent equations (22) we obtain

%‘I— = Au ™ 4 AILT + OL("K,T) )’:-T = A;,'-"-'"‘ Am.'f +OL(7(JT) (50)
Where
—I_l
A“ = - —.3__.. sz: —— (alCO>‘-7 = éTTT )
'_t /“Ll 3 /u..z,_
(31)
< ; _ _ 5 cTT?
o S e 2T a2
As a solution we let
'ﬂ:k.ex’awt = k‘le.xpwt (32)
Then
O=w (A -=)+ kA, o=k Al+rk (A-w) (33)
which yields the characteristic equation
Ya -
N —12— {(An All;" ‘:, 'J_—'ilA\n— An) + 4AIIA21 } {54)

+
Computing the A Tfrom (28), {29), and (31) we obtain

w, = - ZT_& + O (a,3,) (38)
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s = _ B acosB (msin@=a,cos )+ OC1)
- el N (386)
for 2:%m@ > a,cu3®, and for a,cos8 > 3.:3in@
- 37
w,= —L2 + O (a,8) (&7
L.
Ly =1 = b - tusi)‘\e(\a\lf-cse - a, 5““9> + O(') (38)
el :

giving an exponential return to the equilibrium in all cases.
(35) and (37) represent free decay back to equilibrium; (36) and

(38) represent active degeneration vack to equilibrium,
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Ye The Dynamics of the Solar Dynamo

In the above section we developed in s semi-quantitative
nanner the dynamics of hydromagnetic dynamos. The calculations
Wwere aprlicable to both statlonary and migretory dynamos, though
our main interest is in the migratéry dyﬁamo at the mcoment. Frcm
(28) we see that the egquilibrium values of the toroidal and pol-

oldal fields may be written

T = é&L—&@wV)\“,ﬁ sinb cos® + Oo(/owll) X ,
&J
y (39)
.l_rl = OO(/"WV) /
near the equator where 2.5in®2>3.¢%8 and from (29)
—T-‘ - og(puv) \
(40)

N /
i _ Qe b G sinbecos® + O (owv)
7' = _42t7__ Qa ) %/9 in Q’ J

near the poles where a,ccs® > a,snf

First, we note that we do not have the pursly kinematicagl
result {(Bullard, 1954) that there 1s a critical velocity of the
convective motions, which, if exceeded, results in an unlimited
exponential growth of the field. The recason is that the dynamo
results from Coriolis velocitics snd not from the primary radial
convective velocities: The convective velocities give rise to
Coriolis forces, resulting in a dynamo only insofar as the
magnetic field does not prevent the manifestation of the Coriolis
forces gs cycloniec velocities and nonuniferm rotation.

Second, supposing tJat//oko is large, we see that near
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the poles equllibrium occurs for 11 > | . wher=as near the
equator | >>TI . The crossover occurs wicrc acos®=dusmdr, if
a =8, at 6 = 45°, Thus, above middle solar Latitudes we
expect the mggnetic activity to arise primariiy from pgloidal
fields and below middle latitudes from toroidal fields,

Let us organize the above dynamical considerations into g
coherent picture of the sclar dynamo. The drynamo was discussed
in section 5 from»a purely kinematical point of view: In the upper
half of the sclar convective zZone we have gz relatively weak travel-
ing dynamo wave originating near the polgs.and being srongly am-
plified as it travels toward the equator. (39) and (40) Imply
that it will first be the poloidal field tiiat is the more strongly
amplifiedy somewhere in the middie latitudes the strong amplifi;
cation of the polcidal fisld will cease and the toroidal field will
be amplifisd, We expect then that magnetic phenomena arising from
the poloidal f ield will be observed primarily toward the pole
from middle latitudes (though of course the poloidal field may be
strong enough to have zome observable effects nearer the equator);
phenomena arising from the toroidal field will be observed toward
the equator from the middle latitudes. Few, if any local magnetic
phienomena -such as sunspots, I'lares, and prominences should be
chbsocrvaed at the equator? where bcth the poloidal and toroidal
fields will be decaying.

Now the observed nonuaniform rotaticn cf the sun, wherein the
surface equatorial regions rotate more rapidly than the average cf
the sun, (contrary to the effect produced by the Coriolis forces
of the convective moticns), can be interpreted in the same manner

2s Bullard et al,(1950) has interpreted the curresponding
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terrestrial phenomenon, the westerly drift of the E-rth's magnetic
fielde The nonuniform rotation depends on the strength of the
toroidal field, and hence thecorotically should increase toward the
equator from the middle latitudes where it 1is essentially zero.
This is as observed (Kulper, 1953),

The northern and southern hemispheres of the sun operate
as independent dynamos except for whatever 1oqse.couplilg ray
exist due to fields diffusiﬁg across the equator. The opposite
pclerity of sunspots in ths two hemispheres indicates that the
coupling i1s such that the torocidal field changes in sign across the
equator, The looseness of the coupling between hemlspheres and
beﬁween the dynamos of the inner and outer hal¥es of the convec-
tive zcne explainms the lack of completb simiiarity between hemi-
spheres and between consecutive cycles,

Elsasser* nas suggested that sunspots arise as é con-
sequence of a strand of the overall mat of toroidal rield rising
through the photosphere. This gives an inverted "U® shaped loop
of flux rising from the main toroidal field up to the surface of
the sun, and, tcogether with the migratory dynamo yielding magnetic
waves of alternating sign traveling from the poles to the
or, gives a sunspot cycle with the proper reversal of spot
polarity between the half cycles of 11 years.

The question now arises as to why we should obtain a
migratory dynamo.for the sun and a stationary dynamc for the
core of the Egrth. First we note th:st below and above the con-
vective zone there is presumably not sufficlent turbulence to

significantly diffuse magnetic fields. Beneath the convective

*Unpublished
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zone the conductivity is of the order of 10’ mho/m (Cowling, 1945).

1 mz/sec and the pime

The magnetlc viscosity i/(uc) becomes 10~
required to diffuce aven 105 km is -of the order of 109 years,
The conductivity above the convective zone is also large, and dif-
fusion upward i1s ruled out unless, due to some local anomaly, the
field can poke out thfough the less dense overlying layers pushing
the matter aside, as evidently happens locally in sunspots and
prominences, We conciude that the magnetic fields generated by
convection will be confined laréely within the convective shell
itself.

With the great length of thes convective zone as compared
to its depth, we do not expect the magnetic activity, whose 8cale
is determined by the relatively shallow depth of the zone, to be
correlated over the sntire solar sphere. Hence, a magnetically
ccherent region of the sun, e.g. the northern solar temperate
zone, 1s isolated and is in an effectively unclosed space, This
is In ccntrasﬁ to the situation in the core of the Eagrth, where the
depth and cdircumfsrence of the core are of the same order of
magnitude, resulting in magnetic coherence over the entire closed

space. It is the solution of {(4) and (7) in a closed eor unclosed

space that ylelds a stationary or migratory dynamo respectively.
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8. iMagnetic Stars

Bgbcock (1953) has shown that many A and M stars have
general magnetic fields of several thousand gauss; Several cases
are known to_be magnetic variables with periods from several days
up to a year. Babcock States that in no case is there good evidgnce
that the magnetlc field is without bime fluctuations, though many
stars exhibilt overall magnenic fluctuatlions which are not periodic.
Given a star with a deeper and mors active convegtive zone than
the sun there seems no basic difficulty in accounting for the
extreme magnetic activit? that Babcock observes. From (59) and
(40) we see that the field is proportional to Lewv /0%, Ir
the eddy diffusivity v is proportional to Lv we have L%>oogvvh

Increasing L., «, and v by only a factor of ten from the loskm,

5 x 1076 sec-l, and 1 m/sec used in the sun gives fields with
Intensiblss 10° Wimes the Solar LU and mapnetlc peFlods of tio
yearsy increasing v tc 1 km/séc.gives fields 103 times ths solar
field with a period of one weeke

Many magnstic stars exhibit a marked asymmetry in their
variations, indicating that théy have a large stationary componént
of their magnetic fields., The discussion at the end of the previous
section would imply that thelr convective zones are proportionataly

deeper than in the sun, resultling in a large ststicnary dynamo

component along with the migratory dynamo.
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I should like to express my gratitude to Professor
W. M. Elsasser for critical reading of the manuscript and sug-

gestions which have helped in the clarity of the exposition.
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To consider further solutions of [13) we let

b (k,t) =p (B expwt (41)

Substituting into (13) we obtain for the equubtion for p (k)

(o + & K ",:)

- Y fin 2 g , "
x[dk.j dk, V(h—k’) = (!s)
Thd coupling between the modes & and k' is given by
— e ki+2p k) - k') (R -K") (43)
U(k.!i') = e_.___.'—-)-ii?.._(k_‘g) (

(w*yk‘Xw+-ul=") '
U (&, !5') 19 a monotonically and rapidly decreasing function of

both k and k' because of the two factors iIn the denominator.
Usually h (k-k') and 77 (K-K) are rapidly decreasing
functions of the magnitude of their arguments. Thus U (k& K)will
be small -unless ’!;_’«— __15" . This means that the coupling to a
given mode Lk usuglly does not extqnd over a large neighborhood
of !5 » Which allows an approximate solution of @2) without undue

calculation.

Consider the solution of (42) when

VveeH, 6 I ="EC(= (44)

J

where H and r are constants. Their Fourier transforms ars

h(=&Hs@® , 9@ =T 8k)e (k) (45)

where
+

e (L,) == - /JZ exp(—ik~'2) (=) (486)
J=on )
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(42) reduces to the liinear homogeneous integral equation

p (kykd) = (k) [cuh’ K (ks ki) pli, ki) (a7)

where
e(kz_i‘lfz\
M) = L HT b, R, KD = S50 (48)

(47) has nontrivial solutions (Lovitt, 1950) if
40
>\l(k) K(kz hl/t\(k /L )
= S )\ (\kn) sz (kl a + ‘J c“L
== = ) Kl k) K G k)

-

: (49)

.+_ -

{(48) 13 an sbsolutsly and permanently converging series in A (k)

Thus to a first approximation we drop all terms secoud order and

higher in A (k,) and obtain the eigenvalue

yad> ~! .
MNk,) = [[:lk; K(LL,L;L)] (50)

Using (48) and {50) we obtain

K2
M = - 2ye (o+uk)”
x e(a) k,

(51)

Solving for ® we obtain

/3 :
PETISIPOY [_t “;‘”}J/‘Z'HEJ | (52)

With X (k,) given by (50) the soluticn of (47) is given

by the absolutely and uniformly converging s eries

i 4o K(k;, k.) K(k;) k)\ .. " R
P @ = A(IKGk k) - k(k;)[elk < (ko) K(k,k)l+ . (53)

We shall put k.= O.

for suitable k, Then, to a first

approximation

P (k) =

/i '
busiiey (54)

>\O<).<(k\,o) Hr \'»-)-!w_-“)‘
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Now 1% = - | or é Iié‘ V3. The first case gives

a degenerating traveling dynamc wave and the solution vanishes for

largs « Putting ¥ _ oy :;-_i-é- V'3 we obtain the regenerating

traveling dynamo wave

b(k,8) = (HT '3[”&) ™ :
Lo itayfs)ime@i Ml ki
= ts V> ALY SR 3"
{w— 2 /[_ 20 b .

B (55)
ary Hr /3
il we(o)k.Hr' 2 1 e e (Dk,
xexp{[2< = =gl {:,j exp 2-;/3 =y t
traveling with g speed
3/
V3 '"“°"'k'Hrj l (56)
Zk, 2'\/" / )

in the k direction.

e ¢case that

P

Tn a similar manner we may solve (31) in t
VV=§5_.HJ(2) , F () =1, SRS
Their Fourier transforms are

BB = e H sy P (K =T s

A s e

L~

j(kz) = =L /AZ filﬁé';k‘?) J(z) s

27

(42) agsain reduces to a linear homogeneous integral

equation. Defining

I-- (!‘U k‘!) .

Jlhs = k)
(w+ P L‘x w4+ k' 1)

we obfcain 4
P (k'z h‘) = >‘(k') /e“:; L‘<L‘a L"") P (k'a "":‘/\) .

To a first aspproximation



o= ﬁ - : a3/
ME) = [/clk,l_ (kt)h)) - Bletrk )

7T )CO)

and =)
o) ]
o = il o [L.l)cwk.H;J

To a first spproximation

(k)
R A )

Neglecting the degenerative solution resulting from "= -

we have the regenersative traveling dynamo wave

b - iHE - K, ) (ka) :
b (%, t) (ﬂl,/})[m@_git] {(%ﬂéys)L:&;.%‘:;br]%,,uu}

x exp {[?': ("l;‘zr HT:) - Dk, :!t exp + ,-%,/3 (wuo)k H i}
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